ISIIDR: Isometric Seriation-based Dimensionality Reduction
for Visual Cluster Analysis
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Fig. 1: Distortions occur when projecting multidimensional data to a lower-dimensional space. While orthogonal linear projections (OLP,
like Principal Component Analysis or random linear orthogonal projections) can only produce false neighbor distortions, the proposed
Isometric Seriation-based projections (ISiIDR, like the Hilbert-based or greedy shortest path projections) can only produce missing
neighbor distortions. This new category of projection techniques is identified for the first time and their properties studied in this work.

Abstract—Visual cluster analysis is a central task to explore multidimensional data. Dimensionality Reduction (DR) techniques support
this task by spatializing multidimensional (MD) data similarities as point patterns in scatterplots. However, unavoidable false and
missing neighbor distortions limit their accuracy. For instance, false neighbors make truly separated data clusters appear to overlap
in the layout, while missing neighbors split true clusters into falsely separated groups. In general, both types of distortions exist in
DR layouts except for orthogonal linear projections (OLP) that only generate false neighbors. In this work, we propose Isometric
Seriation-based Dimensionality Reductions (ISilDR) that provably generate at most missing neighbors. We study how ISiIDR and OLP
together could be leveraged to discover true MD clusters. An ISiIDR first creates a seriation of the MD data points, i.e., an ordering
along a one-dimensional projection axis, and then each pair of consecutive points along this axis is spaced by their MD distance. An
mD ISIIDR can be obtained by combining m 1D ISiIDRs. We study the theoretical and empirical characteristics of different variants of
ISiIDRs and OLPs and propose a systematic and formal analysis based on e-neighborhood graphs. From there, we derive rules to
discover cluster patterns in MD data from interactive linking of ISiIDR and OLP coordinated layouts. We then conduct case studies and

illustrate scenarios for trustworthy visual cluster analysis using a combination of ISIIDR and other classical DR techniques.

Index Terms—Dimensionality Reduction, Visual Clustering.

1 INTRODUCTION

Visualization can support the analysis of multidimensional data through
graphical representations generated by dimensionality reduction (DR)
techniques [27]. Existing DR techniques aim to preserve specific data
characteristics from the multidimensional (MD) space, such as data
density, neighborhoods, or pairwise distances, in the low-dimensional
(LD), typically Cartesian, representation space graphically encoded as a
scatterplot [28,50,56,62]. However, all DRs suffer from distortions that
hinder accurate visual data clustering [53] and trustworthy knowledge
discovery [60]. Each DR technique attempts to maintain similarities of
the MD input data as distances in the LD projection by minimizing a
stress function, i.e., reducing a certain kind of distortion at the expense
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of another, as in general, not all can be avoided [53]. Thus, increasing
distances can lead to missing neighbors (MN), and decreasing distances
can lead to false neighbors (FN).

There are three typical ways to overcome the residual distortions.
One can represent the data with several coordinated DR layouts like
in a scatterplot matrix (SPLOM) [33], or multiple DRs with different
parameters [22, 33]. However, combining multiple distorted views
cannot guarantee capturing faithful, distortion-free data characteristics.
Another approach enriches the DR layouts with the amount of local
distortions to help interpretation [45], but it leaves the user clueless
if only a small portion of the layout appears trustworthy. Yet another
approach is to enrich the DR layout with indicators of the characteristics
of the original data of interest [5, 19,49] to see some additional insights
about the MD data through their projection. Still, these views are only
partial, and capturing the global data patterns, like clusters, is difficult
from trustworthy but scattered information.

Although in general non-linear DR layouts have both MN and FN
distortions [18,53, 64], Bessel’s inequality [40] proves that orthogo-
nal linear projections (OLP), such as Principal Component Analysis
(PCA) [56], can only maintain or decrease the pairwise Euclidean dis-
tances of points compared to their MD distances, making their layout
MN-free. In other words, if points are neighbors in the MD space, they
are also neighbors in the PCA projection. But FNs commonly exist in
PCA; not all neighbors in the projection are necessarily MD-neighbors.

However, no existing DR technique exhibits only MN distortions,
i.e., is FN-free, guaranteeing that all neighbors in the projection are
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also neighbors in the MD space. Although it may be more challenging
to interpret due to MN distortions, we hypothesize that such an FN-
free DR could complement MN-free DR to explore and identify the
neighborhood patterns of the original multidimensional data with high
trustworthiness. For example, brushing and linking a PCA with an FN-
free DR layout could help identify visually if the neighbors of a point
are true neighbors in the MD space, or identify distortions in other non-
linear DRs. It would provide a new way to support trustworthy visual
analysis of MD data from DR layouts. Moreover, as cluster patterns
depend on pairwise distances, we also hypothesize that overcoming
distance-based distortions by linking FN-free with MN-free DR layouts
could allow visual inference of the true cluster structure of the data.
Toward this goal, we propose Isometric Seriation-based Dimen-
sionality Reduction (ISilDR) techniques, which can only maintain or
increase the pairwise distances in the projection compared with their
MD distances. We study their properties and show that they are the first
DR techniques able to produce FN-free layouts. An overview of our
approach is illustrated in Fig. 1. Our contributions are as follows:

¢ We first define ISilDR based on any ordering, and then orderings
derived from the greedy shortest path (GSP) and the Hilbert space-
filling curve (HilDR). As a base, ISilDR is a one-dimensional
projection technique. We propose to generate mD projections by
assembling m one-dimensional ISilDRs built from m independent
subspaces or m different orderings of the MD space.

¢ We propose a mathematical foundation that provides definitions
and theorems with theoretical proofs of concepts related to the
FN-free characteristic of ISilDR and the MN-free characteristics
of OLP. From the analysis of their distortion properties, we can
derive that OLP can only merge clusters, and ISilDR can only split
clusters from MD space to their LD representation; from there,
we can determine if a cluster in LD is an actual cluster in MD
using brushing and linking among these FN-free and MN-free
complementary views.

* We provide an empirical comparative evaluation of the distortion
level of OLP and ISilDR on various datasets based on visual
quality metrics, such as trustworthiness and continuity [63], that
confirm their MN-free and FN-free properties, respectively.

* We combine our theoretical findings and analysis to ground the
design of an interactive visual cluster analysis tool. The tool
allows us to reliably conclude about the MD data cluster structures
by linking ISiIDR and OLP layouts. We illustrate it with several
case studies of synthetic and real-world datasets. The results of the
case studies demonstrate the usefulness of ISilDR in combination
with OLP to analyze the distortions of additional DR layouts and
to support the identification of real clusters in the data space.

e The code to use ISiIDR is publicly available at: https://
github.com/saehm/IsilDR. See screenshots Appendix Sec. E.

2 RELATED WORK

We focus on reviewing DR work regarding three aspects: (1) DR
distortions, (2) Ordering-based and Curve-based DR, related to the
seriation of MD points, and (3) DR-based visual cluster analysis.

2.1 Dimensionality Reduction distortions

Dimensionality reduction techniques are prone to distortions [53] that
impair the accuracy of data analysis tasks based on DR layout. Differ-
ent measures of distortions have been proposed. Lee and Verleysen [42]
introduced rank-based distortions with intrusions (some points not be-
longing to the k-Nearest Neighbors (k-NN) of other points in the MD
space become k-NN in the projection) and extrusions (some points
lose their neighbors). Venna et al. [63] defined LMDS to control dis-
tortions based on normalized difference of distances, and introduced
trustworthiness and continuity rank-based distortion measures to mea-
sure intrusions and extrusions. Rank-based measures are more robust
to the shift of distances occurring in MD space due to the curse of the
dimensionality [43]. Lee et al. [44] explored how the stress function
of tSNE [62] controls the type of distortion at different distance scales.

Venna et al. [64] extended the stress of tSNE to create NeRV following
the LMDS approach. NeRV enables the control of intrusion (i.e., FN)
and extrusion (i.e., MN), linking them to standard supervised learning
false positive and false negative errors. Collange et al. [18] defined a
DR stress function that controls how MN and FN are tolerated between
or within classes of labeled data.

Although the DR stress function can penalize certain types of dis-
tortions, there is no guarantee that the resulting projection will be free
from that specific type of distortions. The only exception are OLP DR
techniques like PCA [56], feature-based scatterplots typical of Scatter-
plot matrices [33], and random OLP [11] in general, which guarantee to
shrink distances from MD to LD space; therefore, they cannot produce
missing neighbors and are thus MN-free. However, we are not aware
of techniques that could prevent the generation of FN in general. Even
NeRV or LMDS, whose stress can be controlled to maximally penalize
FN, can still generate some FN as we show empirically in section 3.4.
In search of symmetry to OLP, we propose ISiIDR as a new family of
DR techniques that produce no FN distortions and explore the benefits
and limits of such approaches.

2.2 Ordering and Curve-based Dimensionality Reduction

Our approach to FN-free DR leverages the idea of seriation: putting
MD points into a 1D order by techniques such as the Hilbert or Gosper
curve [30, 34]. Raj and Whitaker [58] considered the MD points’
halfspace depth to derive their ordering while in RankVisu [46], the
relative orderings of data neighbors are computed. In both cases, the
ranking information is used in a modified Multidimensional Scaling
stress. Ngo and Linsen [52] used dynamic tSNE [59] for projecting
temporal data as a 2D scatterplot, then the user interactively draws
a polyline passing through visual cluster patterns formed in the first
time step view. This curve serves as a backbone onto which all 2D
points are projected at every further time step, forming a sequence of
stacked 1D projections. Wulms et al. [68] addressed the same problem
and used PCA to smooth the transition between 1D slices computed
automatically from MD data. In all these approaches, the MDS [41],
PCA or tSNE projections, and the orthogonal projection onto a polyline
introduce FN distortions in the final layout.

Buchmiiller et al. [14] proposed a visualization technique for cap-
turing the spatio-temporal patterns of a set of 3D points moving over
time. For each time step, the points are seriated into a temporal slice
with Hilbert curves. Zhou et al. [70] derived Hamiltonian paths over
multi-scale Hilbert curves by optimizing the similarity of 2D or 3D
data attributes and their spatial location to achieve a 1D linearization
of the MD data. Anders [3] derives a 1D projection by projecting the
MD data onto an MD Hilbert curve [34], which is then reshaped into a
2D Hilbert curve to form a heatmap representation. In all these cases,
the linearization is constructed by using the Hilbert integer indices as
axis coordinates. In contrast to these space-filling curve approaches,
we go beyond integer index, injecting MD pairwise distances between
adjacent points into the 1D projection, leading to an FN-free DR.

2.3 Visual Cluster Analysis using DRs

Our approach’s main benefit is its ability to support reliable cluster
analysis of MD data. We can cluster MD data with automatic clustering
techniques, but the results are difficult to evaluate [38]. Practically,
end-users resort to visualizing the data using DR techniques to in-
terpret clustering results or to initiate and control it using interactive
approaches [67]. For instance, Darwish ef al. [24] use mean-shift clus-
tering on top of tSNE layouts to discover political stances. Bonakala et
al. [12] propose an interactive visual clustering method using a class-
based scatterplot matrix called ClassMat [7]. Other tools [13,15,65]
combine DR techniques with automatic clustering.

An issue with hybrid approaches is that the perception of visual clus-
ters does not match with automatic clustering results even for counting
simple cluster patterns in 2D scatterplots [9], and common cluster
validation indices (CVI) are not accurate for evaluating visual clus-
tering quality [10]. Xia et al. [69] studied visual clustering-related
tasks together with DR variants and concluded that each task requires
different DR characteristics, with not all DR techniques being accurate
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for all tasks, supporting the conclusion stemming from the typology
of tasks with DR techniques proposed by Nonato and Aupetit [53].
Essentially, clustering distortions accumulate with the DR distortions
in hybrid visual clustering approaches. To tackle this issue and find
DR techniques more reliable for visual clustering tasks, Jeon et al. [39]
built a quality measure that compares CVI in the MD space and the
DR layout, and a brushing technique locally correcting DR distor-
tions [37]. Topomap [26] uses a graph-drawing approach further studied
by Paulovich et al. [55] to display the minimum-spanning tree (MST)
of the MD data in the LD projection, preserving a topological invariant
essential for clustering. Indeed, the MST is the data structure used by
agglomerative clustering with single-linkage [31] to generate hierarchi-
cal clusters. We will investigate further in that direction by considering
the e-neighbor graph as a base structure to determine neighborhoods
and compare clusters across different spaces and projections.

Other approaches consider multiple complementary projections to
visualize the data through different angles and get insights into the
MD data. For instance, scatterplot matrices (SPLOM) [33] display
all combinations of feature-based scatterplots organized in a matrix
where plots in each row or column share the same y-axis or x-axis
respectively. In VisCoDeR [22], different DR layouts are linked and
coordinated, while in Compadre [21], two DR layouts are linked to
the MD data similarity heatmap for comparison and cross-validation
of visual cluster patterns. However, in general, linking distorted DR
layouts cannot guarantee that visual clusters correspond to MD clusters.
We aim to tackle this issue by developing a reliable visual cluster
analysis technique that links DR layouts standing at the two end-points
of the distortion spectrum.

3 ISOMETRIC SERIATION-BASED DIMENSIONALITY REDUCTION

In this section, we introduce our approach called Isometric Seriation-
based Dimensionality Reduction (ISilDR), and its properties. Our idea
is motivated by the characteristics of Orthogonal Linear Projections
(OLP) methods. OLP [20] such as PCA [56] are popular DR techniques
that are easy to interpret thanks to their linearity. A main characteristic
of OLP is that pairwise distances never increase from MD to LD [40].
One could think of OLP as lighting with a flashlight from a direction
and looking at the shadow, where the shadow is the outcome of the pro-
jection. This way, no input point can move outside of the neighborhood
where it belongs, so that separate visual clusters come from separated
MD areas. However, individual visual clusters may come from the
overlap of multiple MD clusters. To overcome this issue, we look for
a DR approach with the opposite characteristic of never decreasing
distances from MD to LD.

We get inspiration from previous work using a greedy shortest path
heuristic to seriate multidimensional data [6, 25], and from the locality-
preserving property of Hilbert space-filling curves [47,51]. We first
present how we achieve 1D projections by using arbitrary orderings of
the input data. Next, we show how to create 1D and mD projections with
specific orderings and discuss their theoretical and empirical properties
in terms of cluster preservation. Fig. 1 illustrates this approach.
Notations: Let X € RV*M be N input points with M features, and
x; € RM the i row of X. The space spanned by X is X-space. We note
yech ¢ RNXm the data projected in the m-dimensional space by tech-
nique fech. When we consider feature spaces, we let X* be the column
subset of X corresponding to the subset of features F C {1,...,M} and
YF the projection of X¥'. § denotes the Euclidean distance. X; j and
Y; j are the short forms for 8(x;,x;) and &(y;,y;), respectively. Finally,
I={1,...,N} is the index set, 7 is a permutation of I, and C? is the
i partitioning cluster of set Z.

3.1 1D Isometric Seriation-based DR
A 1D ISiIDR is obtained from an ordering 7 of points X called a
seriation:

Definition 1 (ID-ISiIDR). Let 7 be any index permutation of the data
X, where xz1) is the first point of the seriation. Then, the 1D ISilDR

of X relative to 7 and a column subset F C {1,...,M}, is the column
vector Y = b}i(l) yeee ,yI;(N)]T constructed as follows:

k
F _ F _ F
Yay =0, VK> 1yzq) = ;Xnu—i).,n(j)

We take points in the subspace X" as per their permuted index 7, and
map them one by one on the real directed line. The first point is mapped
to 0, and ea<.:h followi.r%g po_int Xu(j) is m?pped next to the precs:d.ing
one x(;_1) in the positive direction at a distance equal to their original

distance X;:( . The number of distinct permutations 7 noted

J=i),7(j)
[TISPR | measures the expressiveness of an ISilDR.

3.2 Hilbert and Greedy-Shortest-Path Seriations

Any ordering of points can be used; for illustrative purposes, we demon-
strate our technique with two ordering chosen for their conceptual
clarity. We then discuss the characteristics of the resulting ISilDR.
Greedy shortest-path (GSP) With the greedy shortest-
path [25] (Fig. 3a), the seriation starts with a random index (1) set to
i € 1. Then, m(j) (j > 1) is the index of the nearest neighbor to Xa(j—1)
among yet unvisited data in X: ©(j) = argmin Xr(—1)k
keN{x(1),...x(j—1)}
Hilbert Space-Filling Curve (HilDR) The Hilbert space-filling
curve [34,47,51,66] is a fractal curve that traverses every point of
the M-dimensional unit hypercube using a recursive pattern preserving
locality: two points with neighboring indices on the curve are always
neighbors in the indexed MD space (see [47] for details). It starts with
a pattern (in 2D: ) that partitions the initial cell into 2 cells.

A k""-order Hilbert curve is constructed by applying this recursion
K times, leading to a map of [0, 1] into an index i € {1,...,(2M)¥}.
The Hilbert index depends on the order of the input space dimensions
(for example in 2D: 3. We rescale the bounding box of the data to fit
into the unit M-cube and can pick the order k of the Hilbert curve as
the minimum order such that any two distinct data points get a distinct
index (we empirically set ¥ = 8 in our implementation for its sufficient
fine-grained covering of the data points). We call the ISilDR (Def. 1)
based on a Hilbert curve HilDR (Fig. 3b).

Note that all approaches we know of in the literature which are
based on Hilbert or related space filling curves, use directly the Hilbert
index as coordinate in the projection space. However, in our case, it is
essential to use the distances in MD space. We demonstrate in Fig. 2
the importance of spacing the points by their MD distance to get a more
faithful representation of the data with HilDR. Indeed, the Hilbert curve
can zigzag between three points x1,x,,x3, so that the Euclidean distance
X » is larger than X3 3 in the data space, but the Hilbert index-based
length X 2 1s shorter than X’z‘3 in the projection. Hence, the relative
distance ordering between adjacent pairs is not necessarily preserved
with index-based projections. By contrast, using MD distance preserves
this ordering for adjacent points in HilDR, allowing us to develop the
definitions and theorems of Secs. 3.4 and 3.5.

U !
Xl.2 X2.3

Flg 2: X1,2 < XILZ &X2’3 < X'2‘3, but X]A’z > X2‘3 &XII‘Z < X/2?3.

This property holds also for random seriations that we call R-ISilDR,
mirroring OLPs based on random orthogonal directions (R-OLP).
3.2.1 Qualitative Comparison of GSP and HilDR
We discuss here the qualitative aspects of GSP and HilDR.

Input Data Format: GSP can use a data similarity matrix X as input,
while HilDR requires an MD feature space. Hence, GSP can also
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Fig. 3: GSP and HilDR: Creating two 1D-ISilDR Y° and Y’ from 2D data
X using different starting points x; (GSP) or permutations of the data
dimensions (HilDR). Consecutive points y; and y;;; in the projection
are spaced by their original distance X; ;1 (a,b,c,d) or (e,f,g,h). The 2D
scatterplot (right) is obtained by the Cartesian product of two 1D ISilDRs.

be used for cyclic, spherical or more complex data space topologies
depending only on the distance metric used.

Seriation variants: Given a dataset X, GSP depends only on the start-
ing point and, therefore, leads to [TI®SP| = N possible distinct 1D ISil-
DRs. By contrast, HilDR is more expressive, leading to |[[THIPR| = /!
different 1D projections, largely exceeding typical N even for mod-
erate dimensions (10! > 3 - 10%). While GSP seriation only depends
on the starting point, HilDR seriation depends on the choice of the
data box mapped to the unit m-cube including per-dimension scaling,
translations, and global rotations.

Computational complexity: The time to assign an MD point to the
Hilbert curve is O(M), and to calculate the distance to its preceding
point is O(M) [34]. These steps are required for each of the N points,
leading to a global O(MN) for HilDR. By contrast, finding the next
closest point among all other unvisited ones in GSP leads to O(MN?)
computing time in total, making it less scalable than HilDR. Approxi-
mate nearest-neighbor search [48] can be used to reduce that time.

Distortions: HilDR has critical locations in the indexed space where
neighbors can be torn apart (e.g., the gap between the projection of
points x| and x5 in Fig. 3b exists in the Y seriation but not in the Y’
one). These distortions depend on the relative position of the data in
X-space. Since GSP is a greedy approach, the last indexed data are
more likely far apart than the first ones [25] and not all seriations of
the same technique are equally distorted [6], opening the way to seek
optimal ones. Notably, in both approaches, consecutive points in the
seriation are not necessarily nor likely nearest MD-neighbors.

3.3 mD Isometric Seriation-based DR

If we generate mD projections (Def. 1) using m distinct seriations from
the full data X (mD-ISilDRpyy 1), the unwanted gap between neighbors
in X formed by one seriation could be bridged by another one. By
contrast, m disjoint subspaces of X being mutually orthogonal, if there
is no feature correlation between them, we expect their m subspace
seriations (mD-ISiIDRgyp) to capture independent information like
would do the m axes of an OLP. We present both options below.

Definition 2 (mD-ISilDRgy; | — m seriations of the full X-space). We
define the mD projection Y of X, constructed from Def. 1 with m distinct
permutations 7, € IT" k € {1,...,m} as the rescaled concatenation

of m column vectors: ¥ =m~ /2 [Ym, ey Yn,,,].

The rescaling factor m~"/? is the inverse diagonal length of the unit

m-cube. Itis used to achieve desired pairwise distances in the projection
as detailed in the supplemental material (Sec. A.1.2, Theorem S2).

Definition 3 (mD-ISilDRgypg — m seriations of disjoint subspaces of
X-space). Given m disjoint subsets F; C {1,...,M} with their respec-
tive orderings 7, we have Xfi = [x /(1) xFe(Rd)] e RVXIF,
We compose the m-dimensional projection of X with the corresponding
m disjoint subspace projections Y,i": Y = [Y,‘;l S ey Y,i:’].

We can visualize these mD-ISilDR seriations either as a single scat-
terplot for m = 2 (Figs. 3b, 4 and 8) or a SPLOM for larger m, or as a
parallel juxtaposition of m rug plots (Figs. 10d to 10g). The scatterplot
representation is counterintuitive, though, as distant points may be
actual neighbors (See x; and x5 in Fig. 3b). The parallel design of the
m rug plots, instead, breaks the direct visual grouping between adjacent
seriations, so we use coordinated view with linking and brushing to
detect MD clusters as detailed in Sec. 5.2. As we shall see in the sequel,
neighbors in 1D rug plots or 2D scatterplots of mD-ISiIDR are always
neighbors in the MD space.

3.4 Distance-based Distortions

Dimensionality reduction (DR) techniques alter pairwise distances
between data points, resulting in distortions [53] called stretching when
distances increase, and compression when distances decrease [5]. Due
to the way OLP and ISilDR project data, we can conclude about the
occurrence of stretching and compression.

Now, we provide several empirical observations using two common
quality evaluation measures: the Shepard diagram [41] to show com-
pression or stretching of all pairwise distances of a projection, and the
Trustworthiness and Continuity [36,39] quality metrics measuring the
preservation of the rank of the k-Nearest Neighbors of the data in the
projection (see Fig. 4). We compare: random-axis-based OLP (R-OLP);
Principal Component Analysis OLP (PCA); LMDS [63] with different
settings of A: A = 0 tends to penalize compressions like ISiIDR while
A =1 tends to penalize stretching like OLP; GSP; HilDRgy;; and
HilDRg;p (HilDR with full and subspace seriations, respectively),
and random-seriation-based ISilDR (R-ISilDR). PCA, Random Linear
Projection (R-OLP), and tSNE are computed using Druidyg [23], and
the LMDS is computed with dredviz [54]. We present the results for
the 5-dimensional Ecoli dataset [35] Uin Figs. 4a to 4i. From Figs. 4a
to 41, we show scatterplots for the OLP projections of the dataset (first
row), the Shepard diagram of the projection (second row), and the
Trustworthiness and Continuity (T&C) measures [63] of the projection
with increasing parameter k, as a line chart (third row). The same
analysis done for the 4D Iris [29] dataset can be found in Fig. S2 in the
supplemental material (Sec. B).

The Shepard diagrams confirm our Theorems 1 and 2 empirically.
All of the points in the Shepard diagrams of OLP techniques, such as
R-OLP and PCA, are below the main diagonal line, i.e., the distances
of the original space are always larger than the ones in the projection
space (compressions, red dots). Meanwhile, all of the points in the
diagrams of ISilDR techniques, such as GSP, HilDR, and R-ISilDR
are above the diagonal line, i.e., the distances of the original space
are smaller than in the projection space (stretching, blue dots). The
diagrams for LMDS include points above and below the main diagonal
line, so LMDS stretches and compresses distances in the projection.

We observe a similar pattern with T&C quality measures. The
trustworthiness across different neighborhood sizes k (purple line) is
lower than continuity (green line) for OLP and higher for ISilDR
(purple line above the green line).

OLP and ISilDR act as the two extreme families of techniques along
the continuous spectrum of distortions (from left to right), with R-OLP
and R-ISiIDR being their most extreme instances. The T&C patterns
hint that OLP DRs have a higher tendency (rankwise) to show “wrong”
neighbors than misplacing “true” neighbors somewhere else in the
projection. In contrast, ISiIDR DRs have a higher tendency (rankwise)
to misplace “true”” neighbors somewhere else than showing “wrong”
neighbors in the projection.

'We removed the 2 dimensions “lip” and “chg” that have very low variance.
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Fig. 4: Projections of the Ecoli [35] dataset (336 data points - 5D space), colored by their labels (Top row). ISilDR plots (GSP, HilDRy,;, R-ISiIDR)
concatenate two ISiIDR projections to make a 2D-ISilDR, with the exception of HilDRgyp,, where we use 2 disjoint subspace projections. Points
on the diagonal (black line) of the Shepard diagram (Middle row) represent unchanged distances, red/blue points mean the distance in Y (LD) is
smaller/greater than in X (MD), respectively. Trustworthiness (purple line) and Continuity (green line) (Bottom row) measure the preservation of the k
nearest neighbors between X and Y spaces across values of k. These projections cover the distortion spectrum from pure compression (left, 4a

and 4b) to pure stretching (right, 4f to 4i, our main discovery).

These results verify empirically the following theorems, proved in
the supplemental material (Sec. A).

Theorem 1 (No stretching with OLP). In an OLP projection ¥ °LF of
data X, no pairwise distance increases:

Vi,jel: Y2 <X ; €]
Theorem 2 (No compression with ISiIDR). In an ISilDR projection
YISIDR of data X, no pairwise distance decreases:

Vi, jel: YISIPR > X; ; )

We take advantage of these results to analyze the preservation of
neighborhoods and clusters in the next section.

3.5 Interpretation for OLP and ISilDR Projections

Our definition of false and missing neighbor distortions, as well as clus-
ters, stems from the determination of discrete sets from the distance &
and continuous point locations X and Y. Multiple options exist [8]. We
consider the e-neighborhood as a backbone of our framework to formal-
ize OLP and ISilDR capacities regarding cluster preservation, as it is
related to a notion of clustering well studied in the literature [26,31]. We
first define DR distortions based on the e-neighbors (Sec. 3.5.1), then
the notion of e-clusters (Sec. 3.5.2), the cluster distortions (Sec. 3.5.3)
and how cluster distortions and patterns are linked between the data
space and the projection space (Sec. 3.5.4).

3.5.1 False and Missing e-Neighbor Distortions

X-space

Y-space

Fig. 5: e-Neighbor Distortions Def. 4. Considering y;, y; is a false neigh-
bor (FN), y; a missing neighbor (MN), y; a true neighbor (TN), and y, a
true non-neighbor (TNN).

Various definitions of false (FN) and missing (MN) neighbors are
possible depending on the way we set the size of neighborhoods in both

data and projection spaces, and the way we measure their difference.
We focus on definitions based on £-neighbors illustrated in Fig. 5:

Definition 4 (¢-Neighborhood). For Z € {X,Y}, let UZ(i) be the set
of indices of points in set Z, whose distances to the point z; are no
greater than €: UZ(i) = {k € I|Zy; < €}.

Definition 4.1 (TN). y; and y; are true neighbors
S jeUl(i)NjeUf(i) =X <enY;;<e.

Definition 4.2 (TNN). y; and y; are true non-neighbors
SjeUY(iNjeUL(i) & X ;>eNY; ;> e

Definition 4.3 (MN). y; is a missing neighbor of y;
SjeUY()NjeUX(i)eYi;j>e>X.

Definition 4.4 (FN). y; is a false neighbor of y;
SjeUliNj¢U () &Y <e<X,.
From these definitions and the previous theorems, we conclude that:

OLP is MN-free Any OLP verifies Theorem 1, contradicting Def. 4.3,
hence OLP cannot generate missing neighbors.

ISiIDR is FN-free Any ISilDR verifies Theorem 2, contradicting
Def. 4.4, hence ISiIDR cannot generate false neighbors.

We present alternative definitions and the respective results in the
supplemental material (Sec. C).

3.5.2 Cluster Definition Based on ¢-Graph

In the sequel, we consider all clusters are e-neighbor-based clusters
generated by computing the connected components of the €-graph [17]
connecting any pairwise €-neighbors. The e-graph is undirected. Its
edges and the ones of the Minimum Spanning Tree (MST) equal or
shorter than € form the same connected components (clusters) as the
single-linkage hierarchical clustering [31] cut at € level. Doraiswamy
et al. [26] proposed TopoMap as a cluster-preserving DR projecting
the connected components of the MST of the data built in the data
space, using a custom graph layout technique. Thus, €-neighbor-based
clusters are well-established in the literature. Although they can differ
from the clusters which are perceived visually [9, 10], our definitions of
false and missing neighbors require a distance-based clustering, making
e-neighbor-based clusters well-suited. By contrast, other clusterings
(e.g. rank-based) are not compatible with these definitions as demon-
strated in Sec. D of the supplemental material. Here, we study how the
connectedness of the e-graphs built in the data space and in the OLP
and ISilDR projections match, given their specific properties.



Fig. 6: e-based Clusters (Sec. 3.5.2). With Z € {X,Y}, z is directly
e-connected (DeC) to z; and z3 (solid lines), while z; and z3 are indi-
rectly e-connected (IeC). All belong to the same cluster. There is no
e-connection between red and purple points; they are e-separated (£S).

cr cr oLP cX c¥
(a) — X e,
-5 / No increasing dis- S e «
tances Eq. (1)
Observed Y Truth X
cY cr ISilDR cx
b
(b) e ./ No decreasing dis-
- tances Eq. (2)
N
Observed Y Truth X

Fig. 7: (a) As the distances can only decrease in an OLP projection,
multiple clusters in X may appear merged in the projection. Here, CJY =
CXucCY, is a False Merge. (b) As the distances can only increase in
an ISilIDR projection, a cluster in X may split in the projection. Here,
CYuCY =¥, is a False Split.

Definition 5 (Within-cluster characterization (DeC, IeC)). Points
iand jin Z € {X,Y} are grouped in a cluster C{ if they are either
directly e-connected (DeC), i.e. their distance is not longer than €, or
indirectly e-connected (I1eC) through an e-path of multiple directly
e-connected points py, ..., pp, (see Fig. 6):

VieCl:3jeCt,i#j:2ij<¢

(3)
of pt,..spn € CLL(Zipy <E)NZipy py <E)VA...N(Zp, j<E)
Definition 6 (Between-cluster characterization (€S)). Points of Z €
{X,Y} belong to separate clusters CZ and C7 if they are ¢-separated
(€S), i.e. neither directly nor indirectly €-connected, (see Fig. 6):

VieCENJECt k#1:Z; ;> ¢ “4)

3.5.3 Clusters Connection and Separation

The e-clusterings of the same data within two spaces are likely different.
We can characterize the quality of the mapping from X to ¥ by how it
preserves g-clusters. In general, due to properties of OLP and ISilDR,
visual (LD) clusters CY do not match with MD clusters CX.

For instance, considering the separation between 2 visual clusters C{
and C{ , a True Separation occurs when they come from two disjoint
sets of clusters CY = Cff] U UCfn and C} = Cﬁfn+1 U UCifM with
Vi# j,a; # a;j, while a True Connection happens if the points forming
a visual cluster CY are also e-connected in X: CY C CX. A False Merge
(Fig. 7a) occurs when two or more MD clusters C{( . .CnX overlap to
form a single visual cluster CY (Vi,CY D C,X) which is a super-cluster
of any of those C[X . A False Split (Fig. 7b) happens if the two visual
clusters come from a single cluster cX (c f c CX and Cg C CX) where

each of C{ and C{ is a sub-cluster of CX.

3.5.4 Interpreting Cluster Patterns in OLP and ISiIDR

We want to know what true cluster patterns in X can be discovered
based on observed cluster patterns in the projection Y¢<",

Table 1a shows the 6 possible orderings of the true distance X; ;, the
observed one Y; j, and the clustering cut-off € for two arbitrary points
i and j (red shows compression, blue stretching, and grey mismatch
between €-connections in X and Y).

Table 1b shows that OLP matches with cases above the diagonal
(Theorem 1) and ISilDR with cases below it (Theorem 2). It also shows
that if we observe two separated points i and j (¢S) in Y (first column)

Table 1: What e-cluster pattern in X can we discover from observing
e-cluster patterns in YOI or Y/SIDR (See Sec. 3.5.4 for details).
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with OLP, they must be €S in X too (first row, dark red triangle), while
the same pattern observed in Y/S?PR can come from any of the three
patterns in X (full column blue). Symmetrically, if we observe a direct
connection (DeC) between i and j in ¥ (third column) with ISilDR,
the only option is that the same pattern exists in X (last row, dark blue
triangle), while OLP cannot help us decide (full column red). Observing
an indirect connection (IeC) in either YOLP or Y/SUPR (second column)
does not help, as two options in X are possible for each.

Table 1c considers e-clusters. As two points indirectly connected
(1eC) are actually connected through a path of directly connected points
(DeC) within the same e-cluster (Def. 5), we can be certain that if a
DeC path exist in Y/S/PR this same path exists in X (blue triangle in
(b)), so points forming a cluster in YISIDR st be all e-connected in X
(True Connection), merging IeC and DeC cases. Two clusters appear
€S (Def. 6) if any point i in one is €-separated from any point j in the
other. This pattern happens in Y °L7 only if the same pattern exists in
X (red triangle) hence OLP can confirm True Separation.

However, True Separation and True Connection do not ensure an
observed cluster is a true MD cluster containing exactly the same points.

4 THE INTERPRETATION-BASED VISUAL CLUSTER ANALYSIS

We show how ISilDR can be used together with OLP for visual cluster
analysis, first through an analytic process built on top of the previous
definitions and observations, then through two use cases. We then



Table 2: We first select an e-neighborhood matching the visual cluster (thick cluster border, purple in Case A, red in Case B) of interest in the master
view (Select column), then we observe the corresponding color-coded clusters formed in the secondary view (Observe column), and infer the MD
(hidden) e-clusters (Infer column). The arrows’s directions are from MD to LD and arrows’s names are assigned with distortion types respectively.
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Table 3: Once the true MD ¢-clusters have been identified using Case A
or Case B, we can evaluate the clusters in another DR layout.

Infer in MD — Infer in other DR

C-FMS C-FS

Table 4: Summary of the decision rules from Cases A and B in Table 2
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propose an interactive workflow to support the visual cluster analysis.

4.1 Visual Cluster Analytic Process

We elicit the observations in Table 1 for the e-cluster analysis of MD
data through their OLP and ISilDR visualizations, by proposing three
analytic processes described in Table 2 and Table 3. Cases A and
B (Table 2) show how visual cluster patterns in OLP and ISilDR can
support the inference of the MD cluster structure. They are summarized
in Table 4. Case C (Table 3) shows how the inferred MD cluster from
Case A or Case B support the qualitative evaluation of other DR layouts.

Case A (Table 2): Spot True Clusters with OLP

A cluster observed in an OLP (filled purple points group in A-01)
may arise either from a singular, distinct pure cluster (A-M1) or from a
combination of multiple clusters ((A-M2)) (invisible) in the MD data.
When this particular cluster first visually identified in OLP aligns with

a pure cluster A-I1 identified in ISilDR, it qualifies as a True Cluster
within the context of the MD data (A-01— (A-M1) —A-11). Because
OLP can only merge clusters, and ISilDR can only split clusters , a
pure cluster in ISiIDR and OLP has to stem from a pure cluster in the
MD data.

Case B (Table 2): Spot True Clusters with ISiIDR

The points of a cluster observed in an ISilDR could stem from a
pure (B-M1) or from a bigger cluster (B-M2) (invisible) in the MD
data. When this particular cluster first visually identified in ISiIDR
aligns with a pure cluster identified in OLP, it qualifies as a True
Cluster within the context of the MD data (B-I1— (B-M1)—B-01).

Cases A and B are summarized in Table 4. They differ only in which
of the OLP or ISiIDR view is used to first identify the cluster of interest.
Notice that the value of € used in OLP and ISilDR can be different as
far as the points of the cluster of interest match in both spaces.



Case C (Table 3): Identify Wrong Clusters in Arbitrary DR Layout

If we select a true cluster (verified by an OLP and an ISilDR, Cases
A & B), then we can find false or missing neighbors and thus False
Merge or False Split in another DR layout.

4.2 Visual Encodings and Analysis Workflow

We propose an analysis workflow with linked views to derive the faith-
fulness of the clusters visually. We start the analysis with an OLP and
an ISilDR projection, one of which will be the master view, and the
other the secondary view. The sole purpose of the master view is to
identify the clusters which will be subsequently colored in all views.
Both an ISilDR and an OLP must be present to apply Cases A and B.

Cluster selection in master view The user changes ¢ interactively
with a slider to identify an &-cluster visualized with contour lines, that
matches well with a visual cluster of interest in the master view. &-
clusters of the master view are color-coded to identify them in all the
other views. For instance, Fig. 10a shows two clusters (red and purple
dots) selected in the PCA master view of the Iris dataset with € = 1.
Note that the same value of € is used for both projections, to ensure
coherent cluster analysis in the MD space. Trivial values such as 0
or a very large number result in identical clustering (respectively N
single-point clusters, or one cluster containing all points). Thus, the
optimal selection of € is challenging and should be guided by the user’s
analytical goals and the specific structures they wish to investigate.

Cluster matching in secondary view e-clusters are then built in the
other views with the same € and identified through contour lines, but
using the colors assigned in the master view. To ease focus on inter-
esting master-view clusters, we allow coloring of all other clusters in
grey. The user relies on contours and colors to evaluate the matching
between clusters in master and secondary views. The process can be
repeated when another view is selected as the master view.

5 CASE STUDIES

Our approach has been mathematically proven reliable to identify true
clusters from two uncertain projections. Now, we showcase its useful-
ness in practice to infer valid MD cluster structures from the observed
projections of a synthetic and a real-world dataset.

5.1 A Synthetic Dataset
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Fig. 8: Projections of a synthetic labeled dataset consisting of 6 Gaussian-
like clusters in 3D, with 7 labels (4 are shown as colors, red and yellow
actually belong to the same cluster made of two adjacent Gaussians). (a)
€ is tuned to match the 5 clusters in PCA (contour lines); one is incorrectly
formed from the green and purple points (False Merge). (b) The same ¢
in GSP shows 6 clusters with the correct colors (True Cluster). (c) tSNE
(with arbitrary parameterization) shows 7 clusters, the red and yellow
points being wrongly separated (False Split). The same e-cluster (yellow
and red) identified in both PCA and GSP ensures it is a True MD cluster.
We cannot conclude anything certain from tSNE.

(c) tSNE

We created a 3D dataset with 7 labels for 6 Gaussian-like clusters,
in which one cluster has two labels. Fig. 8 shows the outcome of
the dataset with PCA, GSP, and tSNE. For GSP we use two projec-
tions with distinct starting points of the full space with a rescaling
factor (Def. 2) to create a 2D-ISilDRgyy 1. Meanwhile, for tSNE, we
use an arbitrary parameterization; although the visual outcome can
change, the faithfulness of the clustering does not depend on these
parameters. For illustration, we use the 7 labels to color the points.

First, we select € to match the 5 visual clusters appearing in
the PCA master-view (contour lines). The cluster formed by red
and yellow points is a True Cluster in the MD space because
it appears as a single g-cluster in both PCA and GSP following
Case A (Table 2, A-01—(A-M1)—A-I1). However, we cannot
conclude about the cluster observed in PCA formed by purple and
green points and split into two clusters in GSP: it is either a False
Split (Table 2, A-01— (A-M1) —A-12)) or a False Merge (Table 2,
A-01— (A-M2) —A-I2)). False Merge is the correct answer according
to the ground-truth, but we cannot infer it from the observations. By
contrast, we cannot infer anything certain about MD clusters from
tSNE, even paired with PCA or GSP. Finally, the discovery of the
true yellow-red cluster with PCA and GSP ensures that the tSNE view
describes the MD data incorrectly, showing a False Split of that cluster
following Case C (Table 3, (C-MD) —C-FS).
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Fig. 9: Cluster aggregation across m ISiIDR seriations, and their under-
neath bracket representation. Each black line connects two projections
of the same data point.
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(h) Aggregation of 10d to 10g on HilDRgy | projection 10d; 2 clusters.

Fig. 10: Projections of the Iris [29] dataset. We use an e-graph for
the clustering (Sec. 3.5.2) in PCA (10a) with e = 1. 10d to 10g show
individual HilDRgy | projections with their respective e-clusters (e = 1)
represented as dashed brackets underneath. 10h shows the aggregation
of all 4 individual rug plots, whose clusters (dashed connecting brackets)
match with the red and purple e-clusters identified in PCA 10a (full color
in Fig. S1), confirming that those two clusters are true e-clusters in MD.

Iris [29] is a well-known 4D dataset of 150 data points. With the help
of HilDRpyy 1. and PCA, we can identify all the true clusters (those
shown in Figs. 10a and 10h). Note that although the Iris dataset has 3
classes, these form only 2 e-clusters, since Versicolor and Virginica are
e-connected for € = 1.

Using several individual 1D ISilDR projections Def. 1, it is possible
to aggregate the cluster information from many seriation at once. Note
that we have no way to know a priori which permutation of the dimen-
sions will provide the “best” projection, and therefore we will always
benefit from more information by combining several of them. For GSP
these projections could come from different starting points, or from
different permutations for HilDR. In the case of Figs. 10d to 10g, we
can see HilDRpyy |, rug plots representing the projections generated
from 4 different permutations of the Iris features. The data are colored
as per the clusters selected in the PCA master view (Fig. 10a) with



€ = 1. This same € produces an order of magnitude more &-clusters (up
to 18, see Fig. S1) in each HilDR projection (brackets underneath each
rug plot in Figs. 10d to 10g), far more than the two (true) e-clusters
present in Iris. Most of these clusters come from False Split, but we
know that two points are €-neighbors in MD space if they belong to
the same e-cluster in at least one of the m YHIPR proiections (Ta-
ble 1c). Thus, we can aggregate all the pairwise (True) €-connections
from each HilDR projection, merging all the clusters falsely split by
each seriation. For that, we connect each data point to its duplicates
in all other projections (Fig. 9a) and compute the connected compo-
nents of the union of the m e-graphs with these added edges. We
represent the aggregated clusters with additional connecting brackets
underneath (Fig. 9b). Using this process, we aggregate the cluster infor-
mation from all of Figs. 10d to 10g into the rug plot of Fig. 10d, leading
to Fig. 10h, where the two aggregated clusters correspond perfectly
to the color-coded clusters identified in PCA (Fig. 10a). Using Case
A or B (Table 2, A-01— (A-M1) —A-I1, or B-I1—(B-M1)—B-01),
we are certain that these two clusters are True Clusters, showing the
benefit of aggregating several ISilDR to reconnect falsely split clusters.

The first tSNE plot (Fig. 10b) shows a False Split for purple and
red labels (Table 3, (C-MD) —C-FS). The second tSNE plot using a
different perplexity (Fig. 10c), shows two &-clusters (contour lines)
matching with the PCA e-clusters (red and purple), but it cannot ensure
these are two true MD clusters, and we cannot aggregate cluster infor-
mation from both tSNE plots either, because of their mix of FN and
MN distortions. Any number of tSNE plots cannot help us be certain
about the true MD e-cluster structure.

6 DISCUSSION

Two wrongs making a right Rather counter-intuitively, the use of
linked OLP and ISiIDR views with extreme distortion patterns allows
us to draw firm conclusions about the MD data clusters that even linking
multiple views of more efficient DR like tSNE with low MN and FN
distortions cannot guarantee despite its wide use by practitioners ("Two
wrongs don’t make a right"). Notice in particular that we do not need
to compute the €-neighbor graph of the MD data to draw a conclusion
about it from the e-neighbors computed in OLP and ISiIDR LD spaces.

The interesting fact that can inspire further research is that we can
get correct information (MD clusters) from distorted partial views (OLP
and ISilDR), a very desirable property for visualization systems.

Counting £-neighbor clusters Along this line, we can estimate the
number of MD clusters from OLP and ISilDR. Indeed, from Ta-
ble 2, the deductive reasoning paths (A-01— (A-M2)—A-I3, or
B-I1—(B-M2)—B-03), show that we cannot conclude about the ex-
act number of MD clusters from observing OLP and ISilDR views.
However, as OLP can only merge MD clusters while ISilDR can only
split them, the number of e-clusters in OLP and ISilDR are respectively
lower and upper bounds of the number of MD é&-clusters.

7 LIMITATIONS AND FUTURE WORK

Type of False and Missing Neighbors We rely on a metric definition
of the neighborhood [8, 53] of a data point (e-neighborhood) on which
our DR distortions and clustering definitions are based. This metric
approach is the basis of many exploratory analysis techniques like
the agglomerative clustering and the Euclidean Minimum Spanning
tree [31], and is also the backbone of modern topological data analy-
sis [16,26]. We proposed two alternative definitions in the supplemental
material, but they do not make OLP and ISilDR MN-free and FN-free,
respectively, leaving open interesting research avenues.

Non-metric approaches and dimensional scalability The scalability
of our approach to large or high-dimensional datasets is so far limited
for the following reasons. Firstly, we use DR techniques (PCA, LMDS,
GSP, HilDR) which minimize Euclidean distance-based stress func-
tionals known to be sensitive to the curse of the dimensionality and the
distance concentration phenomenon [43]. Our use cases are also limited
to low-dimensional MD spaces because similar €-neighborhoods are
unlikely to capture exactly the same clusters in OLP and ISilDR projec-
tion spaces due to their large difference in scales. This is certainly the

most challenging limitation that could be addressed by extending our
framework to shift-invariant similarity metrics known to be more robust
to data dimensionality, such as those used in NeRV [64] or UMAP [50].

Selection of & Our current workflow incorporates manual, iterative
tuning of € until a clustering match is identified between OLP and
ISilDR. In future work, this selection could be automated by computing
the e-clusters in both spaces and identifying a range of values for which
the clusterings match exactly.

Soft cluster-matching We set a strong constraint on the clusters which
must match between OLP and ISilDR spaces for our decision rules to
be valid. However, in practice, clusters from two data representation
spaces never match exactly. Could we extend this framework in a
mathematically grounded way to soft or probabilistic measures of
cluster-matching between OLP and ISilDR spaces? For instance, using
external clustering scores [57] or Kulback-Leibler divergence [64]?

Visual Cluster Perception We consider a computational definition of
clusters based on the e-neighbors, allowing strong mathematical results,
but the perception of visual clusters may depart from this mathematical
definition [9, 10] and the DR distortions can also affect the visual
clustering task [37,39, 53, 69]. Some ways to make computational
visual quality measures of cluster patterns closer to human perceptual
judgments have been explored [1,32], too. The graphical encoding of
ISilDR seriations as scatterplots or rug plots, as well as the effect of the
e-neighbor-based cluster definition and our interactive visual clustering
framework, are important aspects that need further user evaluations.

Optimal Projections A typical characteristic of a DR technique is its
capacity to reduce distortions and to project new data points [27,53].
As we propose a new family of DR techniques, it is natural to consider
how ISiIDR can implement such features. For instance, what are the
consequences of inserting a new data point in an ISilDR seriation on
the cluster patterns or in terms of computation? Computing mD-ISilDR
requires selecting m axes among many, depending on the expressivity
of the ISiIDR. This problem has been studied for selecting features
of DRs [4] and for optimizing the generation of space-filling curves
to seriate voxel data [70]. Which axes shall we select to improve our
layout? Which criterion shall we optimize?

8 CONCLUSION

We present ISilDR—an FN-free dimensionality reduction technique
with a reliable visual cluster identification approach when used in
combination with an OLP. We provide the mathematical foundation
for our technique, including definitions, theorems, and proofs, along
with related concepts, to support a trustworthy visual cluster analysis
process for knowledge generation [60].

Our framework considers the spectrum of distortions generated by
DR techniques, ranging from pure False e-Neighbor to pure Missing
e-Neighbor distortions. OLPs have long been identified for generating
the former, but the existence of the latter was unknown so far. In the
pursuit of developing trustworthy visualizations of multi-dimensional
data, we propose a family of DR techniques that only produce Missing
e-Neighbors. By exploring this concept and two of its instances (GSP
and HilDR), we set the ground for the development of new visual ana-
Iytic approaches in the spirit of lower and upper bounds and surrogate
functions used in optimization theory and machine learning [2], i.e.,
solving complex problems using simpler functions enclosing the solu-
tion — here, simple linked 2D graphical representations that not only
give hints but tell facts about the complex MD data cluster structure.
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Supplementary Document for
ISiIDR: Isometric Seriation-based Dimensionality Reduction
for Visual Cluster Analysis

A PROOFS FOR THE THEOREMS 1 AND 2

In this section, we provide the proofs for Theorems 1 and 2 in the main
paper.

A1

We want to prove Theorem 2 for the two variants of mD ISilDR.

First, we demonstrate that when we use ISilDR to project data into
1D axis, distances can never decrease (Theorem S1). We then extend
this proof to the mD case based on the full space (Theorem S2), then to
the mD case based on the disjoint subspaces (Theorem S3). With those
theorems (Theorems S1 to S3) proven, all options for Theorem 2 are
proven.

Isometric Seriation-based Dimensionality Reduction

A.1.1 ISIIDR: the 1D Case

The Euclidean distance is Y, ;, = |Y, — 3| in 1D.

Theorem S1 (No decreasing distances in a 1D ISilDR). A projection
Y € RN of the input data X € R¥*M created with ISilDR Def. 1 using
any permutation w: [ — [ : i # j = n(i) # n(}j), then

Vid j|[Yi-Y;| =X

Proof. Assume i > j >0, w(0) := m(1), ¥,
projection Y of points X is defined as:

(1) = 0. The 1D ISilDR

Yy = Y Xa(e-1),z(0)-
k=1

Ifi=j+1,then Y —
Ifi> j+1, then

i

Y Xag1)x0) = Xa() ()
k=7+1

Yo — Ynm( =

due to the triangle inequality of the Euclidean norm.
Hence, Vi # j, ’Yﬂ
of 1, we finally get:

Ya(j )’ > Xy(i),n(;) and as 7 is a permutation

Vi j[Yi—Yj| =X )

A.1.2 [SiIDR: the mD Case
Theorem S2 (No decreasing distances in an mD ISilDR using distances
from the full space). Let X € RY*M be the input data, and ¥ € RV*" be
the output with m > 1. Let m : I — I (k € {1,...,m}) be permutations
of I (Xp, (1) is the first point of the ordering ).

When constructing Y according to Def. 2, then pairs of points in ¥
verify:

vi,jel:Y;; >X;;.
Proof. Creating Y by concatenating m 1D projections using Def. 1,

Y=Y, ..., Yz,
From Theorem S1

Vke{l,...,m}:Vi#j: ,kfyj,{’>xi,,-
We have:
m
VijeLY; ;=Y (Gik—Yik)
k=1
L) 2
> Y Xi=m- (X))
k=1
Hence,

?i,j Z I’f’l_l/2 -X,'7j.

When we scale Y =m"2-Y we get

Yij=mlYi; > X
O

Theorem S3 (No decreasing distances in a mD ISilDR using distances
from disjoint orthogonal subspaces). Let X € RV*M be the input data,
and Y € RV*™ be the output with m > 1. Further, let m, : I — I be
permutations of I (k € {1,...,m}) and F; C {1,...,M} be the feature
sets of the respective column subsets Xg,, where UL Fr = {1,...,M},
Vi:F; # 0 and Vi, j : F;NF; = 0. When constructing Y, according
to Def. 3, by concatenating m individual 1D projections Y,,k for each
subspace X%, the pairwise distances verify:

Vi,jE{1,...,N}ZY,‘_jZX,‘_j.

Proof. From Theorem S1

Vke{1,.. > Xk

LmpiVi

Fk
_y]k

m m

y”}”/ Z (yf:]](cfyfkk) Z XFk

Andas Ui Fr={1,...,

% F
le
k;

M} and (| F = 0, we get:

Y (g —xjg)* = (Xij)?

k=14€F;

Ms

Hence,

Yij=>Xij



A.2 Orthogonal Linear Projection

Now, we prove Theorem 1. Let X € RV*M the input data, and V €
RM*M an orthogonal matrix. If the matrix ¥ € R¥*M is the dot product
Y =X-V,asV acts as an isometry, we get X; ; = 6(x,- V,x;j -V) =Y;;.

An OLP transforms the input data X with a truncated orthogonal
matrix V € RM>*™_ For instance, PCA [56] computes the column eigen-
vectors v; (i € {1,...,M}) of the correlation matrix of X and put them
together in a matrix V= [v 1 VM] . When using PCA for dimen-
sionality reduction, this matrix gets truncated to the m eigenvectors
with the m largest eigenvalues V = [vl vm] . A PCA projection
is computed by the dot product of the input matrix with the truncated
orthogonal matrix: X -V =¥ € RN>",

Proof of Theorem 1
We need to prove that the distances in an OLP projection ¥ € RV
of the input data X € R¥*M never increase.

Proof. The Euclidean distances of any pair of points of the input data
X, are

T (k=)

Let V be an orthogonal matrix V € RM*M Distances between pairs of
points in X - V are the same as in X as V being orthogonal, it acts as an
isometry. So, the Euclidean distances between any pair of points of the

orthogonally transformed input Y=X-V verify:

Vi,je{l,...,N}:X;; =

(xxs)

M 2
- Z (Xv,k—xv, k) =8 (X X))

Vijel: s (?,-,?,)

LetV; = [V Vim] be the first 7 columns of V. and let Y be
the m-dimensional orthogonal projectionof X: Y =X -V.

The Euclidean distance of any pair of points in the projection Y is
8 (Y;,Y;) and verifies:

5 (xv;,xv;)?

i(xwk—

Vijel: 8 (YY) =

2
k) =& (X,X,)".

‘We have:
~ ~\2 2 M ~ ~
5(F7)) —8 (1Y) = ¥ (XViu—XV;)2 >0
k=m+1

hence:

Vi,jel: 8 (YY) <8 (XX)).

B EXAMPLES

The four 1D IsilDR projections with their individual cluster coloring of
the Iris dataset from Fig. 10 are shown in Fig. S1.

We provide the empirical analysis for the Iris [29] dataset here
in Fig. S2.

The scatterplot matrices for the two datasets, Iris and Ecoli [35], are
provided in Fig. S3.

C FALSE AND MiISSING NEIGHBOR ALTERNATIVE DEFINITIONS

Definition 7 (Rank-Wise False and Missing Neighbors). Let X €
RY*M e the input data, and ¥ € R¥*" be a projection of X. Let UkZ )
be a function that maps to the indices of the k-nearest neighbors of a
given point of a dataset Z.

Definition 7.1. Fori,je {1,...
a rank-wise false neighbor of y;.

NYIfUL (i) 3 j ¢ UL (i), then y; is

L0 | |
I I I
(a) Dimension ordenng 2-3- 0 1 18 clusters Flg 10d
OO0 I OO OO0 00000 OO OO T MO
UL, 0L A,
(b) Dimension ordering 1-0-3-2; 12 clusters. Fig. 10e
00N, 0000 0O 00 OO0 OO0 1] 1
[ VAT R LNV, LLLL
(c) Dimension ordering 3-0-1-2; 15 clusters. Fig. 10f
O IO 0010 OO OO0 0 0
L Ll ALLAITTONJNIE

(d) Dimension ordering 1-3-0-2; 15 clusters. Fig. 10g

Fig. S1: Projections of the Iris [29] dataset. We use an e-graph for the
clustering (Sec. 3.5.2) with € = 1. The first row of each subfigure shows
the coloring based on the masterview (PCA) used in Fig. 10, the second
row shows each e-cluster defined in the 1D HilDR projection space in a
separate color.

Definition 7.2. Fori,j € {1,...,N},if UY (i) # j € UX (i), then y; is
a rank-wise missing neighbor of y;.

Definition 8 (¢yt-Wise False and Missing Neighbors). Let X € RV*M
be the input data, and ¥ € RV*" be a projection of X. Let UZ(-) be a
function that maps to the indices of those points in Z which are closer
than €. Let €, € R™ be two independent radii.

Definition 8.1. Fori,j € {1,...,N},if j € U (i) but j ¢ U (i), then
yi is a eu-wise false neighbor to yj-

Definition 8.2. Fori,j € {1,...,N},if j ¢ UY (i) but j € U}l (i), then
y; 1s a EU-wise missing neighbor toy;.

D OLP AND ISILDR DISTORTIONS BASED ON ALTERNATIVE
NEIGHBORHOODS DEFINITIONS

Even if an ISilDR does not have false e-neighbors according to Def. 4.4,
it can have rank-wise false neighbors (see Fig. S4), as well as eu-
wise false neighbors (as € and ( can be chosen independently, imag-
ine Fig. S4 with € the radius of U2X and p the radius of UZY).

Similarly, an OLP does not have missing £-neighbors according
to Def. 4.3, but it can have rank-wise missing neighbors, as well as
€l-wise missing neighbors.

Finding neighborhoods other than £-neighbors, making ISilDR FN-
free and OLP MN-free, remains an open problem.

E SCREENSHOTS OF THE INTERACTIVE SYSTEM

Fig. S5 shows screenshots of our interactive system.
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Fig. S2: Projections of Iris [29] dataset, colored by their labels. Points on the diagonal (black line) of the Shepard diagram represent unchanged
distances, red points mean the distance in LD is smaller than in MD, blue points mean the distance in LD is bigger than in MD.The Trustworthiness
and Continuity measures of the projection with increasing parameter k as a line chart.

HilDR using 7; l

Yl T
yronm Yy Vs

“  e—0—00

U™ (4)=1{3,5} Uy™ (4) = {35}

(a) Iris dataset (b) Ecoli dataset

Fig. S4: ISiIDR can have rank-wise or cu-wise false neighbors. Two
projections of X using HiIDR with permutations 7; and m,. The two

Fig. S3: SPLOMs of Iris and Ecoli datasets. nearest neighbors of X, are Uy (4) = {2,5}, and for Y™ and Y™ they
are UY™ (4) = UY™ (4) = {3,5}. According to Def. 7.1 y;' (and y}?) are
rank-wise false neighbors to y! (or y;?). Also, according to Def. 7.2 yJ!
(and y7?) are rank-wise missing neighbors to y;' (or y;?). Considering
U, the radius of U} and ¢ # , the radius of U, u and € determine the
same neighborhoods as the two-nearest neighbors, showing ISIIDR can
also have eu-wise false neighbors.
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(b) In the first row, the HD block shows a PCP plot of the MD data. In the second row, the first two blocks show the 2D scatterplots of PCA and tSNE, the right two
blocks show the Rugplots of HilDR and GSP.

Fig. S5: Screenshots of the interactive system implemented in Javascript.
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